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Towards the investigation of the full dynamics in higher-dimensional and/or stringy gravitational
model, we present the basic equations of the Einstein-Gauss-Bonnet gravity theory. We show (N+1)-
dimensional version of the ADM decomposition including Gauss-Bonnet terms, which shall be the
standard approach to treat the space-time as a Cauchy problem. Due to the quasi-linear property
of the Gauss-Bonnet gravity, we find that the evolution equations can be in a treatable form in
numerics. We also show the conformally-transformed constraint equations for constructing an initial
data. We discuss how the constraints can be simplified by tuning the powers of conformal factors.
Our equations can be used both for timelike and spacelike foliations.
PACS numbers: 04.20.Ex, 04.25.D-, 04.50.-h, 11.25.Wx
I. INTRODUCTION
General relativity (GR) has been tested with many ex-
periments and observations both in the strong and weak
gravitational field regimes (see e.g. [1]), and none of them
are contradictory to GR. However, the theory also pre-
dicts the appearance of the spacetime singularities under
natural conditions [2, 3], which also indicates that GR is
still incomplete as a physics theory that describes whole
of the gravity and the spacetime structure.
We expect that the true fundamental theory will re-
solve these theoretical problems. Up to now, several
quantum theories of gravity have been proposed. Among
them superstring/M-theory, formulated in higher dimen-
sional spacetime, is the most promising candidate. In
these prospect, a considerable number of studies con-
cerned with gravitational phenomena and cosmology
have been made in the string theoretical framework be-
yond GR.
Since the present knowledge is still far from under-
standing the full aspects of the string theory, several
kinds of approaches, which are fundamentally approx-
imation, are usually taken. Among them perturbative
approach plays important roles. There are two particular
parameters which characterize the system in the super-
string theory. One is string coupling parameter g2s = e
φ,
where φ is the dilaton field. The other is the inverse
string tension α′. When the tension is strong (i.e., small
α′) compared to the energy scale of the system, it is diffi-
cult to excite strings and the size of the strings becomes
small enough to be regarded as particles in the zeroth
order approximation. In this limit GR (with other light
fields) is recovered. This is called α′-expansion[4].
In the higher order terms of α′, curvature corrections
appear. The Gauss-Bonnet (GB) term is the next lead-
ing order of the α′-expansion of type IIB superstring
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theory[4, 5], and has nice properties such that it is ghost-
free combinations[6] and does not give higher derivative
equations but an ordinary set of equations with up to
second derivative in spite of the higher curvature combi-
nations.
The models with the GB term and/or other higher cur-
vature terms have been intensively studied in the high en-
ergy physics. One of them is a series of studies in string
cosmology. The pre-big bang scenario[7] is a fantastic
scenario which tries to avoid the Big-Bang singularity by
making use of T-duality[8] (or scale factor duality). Fur-
thermore, the pre-big bang scenario gives a natural in-
flation mechanism, since the solution in the pre-big bang
phase is inflating from the beginning at least in the string
frame. Although these analyses show that the singularity
problem has not been resolved yet completely, there are
some cosmological solutions which do not start from an
initial singularity[9, 10, 11].
In addition to cosmology, the string effects can be also
seen in the study of black hole physics. As the size of
a black hole becomes small, and the curvature around
the black hole becomes large; it is expected that the
curvature corrections cannot be negligible. The singu-
larity inside of the event horizon would be also modi-
fied or even disappeared by string effects. For these rea-
sons, the static or stationary black hole solutions in ef-
fective string theories were investigated both in the sys-
tems without higher curvature terms[12, 13] and with
such terms[14, 15, 16]. Besides the static or stationary
solutions, there are some dynamical solutions which are
motivated by gravitational collapse[17].
These analysis are performed on the assumption of
highly symmetric spacetime because the system is much
more complicated than that in GR. To obtain deeper un-
derstanding of the early stage of the universe, singularity,
and/or black holes, we should consider less symmetric
and/or dynamical spacetime; the analyses requires the
direct numerical integration of the equations. None of
the fully dynamical simulations in GB gravity has been
performed.
In this article, we present the basic equations of
2the Einstein-GB gravity theory. We show (N + 1)-
dimensional version of the ADM decomposition, which is
the standard approach to treat the spacetime as a Cauchy
problem. The topic was first discussed by Choquet-
Bruhat [18], but the full set of equations and the method-
ology have not yet been presented. In 4-dimensional
GR, numerical simulations of binary compact objects are
available in the last years, and many groups apply the
modified ADM equations in order to obtain long-term
stable and accurate simulations. However, such mod-
ifications are depend on the problem to consider, and
the “robustest” formulation is not yet known (see e.g.
[19]). Therefore, as the first step, we in this paper just
present the fundamental space-time decomposition of the
GB equations, focusing on GB term.
The ADM decomposition is supposed to construct the
spacetime with foliations of the constant-time hypersur-
faces. This method can be also applied to study the
brane-world model[20], which states the visible space-
time is embedded in higher dimensional “bulk” space-
time. As was first investigated by Chamblin et al [21],
it is possible to study the “bulk” structure by switching
the normal vector of the hypersurface from timelike to
spacelike. We therefore present all set of equations for
both cases for future convenience.
The outline of this paper is as follows. In Sec. II, we
show that the set of equations are divided into two con-
straints and evolution equations along to the standard
procedure. In Sec. III, we present the conformal ap-
proach to solve the constraints which shall be used for
preparing an initial data. In Sec. IV, we show the dy-
namical equations in GR and in GB theory separately.
Sec. V is devoted to the discussions and summary. We
think these expressions are useful for future dynamical
investigations.
II. (N + 1)-DECOMPOSITION IN
EINSTEIN-GAUSS-BONNET GRAVITY
A. Model and Basic Equations
We start from the Einstein-Gauss-Bonnet action in
(N + 1)-dimensional spacetime (M, gµν) which is de-
scribed as [27]:
S =
∫
M
dN+1X
√−g
[
1
2κ2
(R− 2Λ + αGBLGB)
+Lmatter
]
, (1)
with
LGB = R2 − 4RµνRµν +RµνρσRµνρσ , (2)
where κ2 is the (N + 1)-dimensional gravitational con-
stant, R, Rµν , Rµνρσ and Lmatter are the (N + 1)-
dimensional scalar curvature, Ricci tensor, Riemann cur-
vature and the matter Lagrangian, respectively. This
action reproduces the standard (N+1)-dimensional Ein-
stein gravity, if we set the coupling constant αGB (≥ 0)
equals to zero.
The action (1) gives the gravitational equation as
Gµν + αGBHµν = κ2 Tµν , (3)
where
Gµν = Rµν − 1
2
gµνR+ gµνΛ, (4)
Hµν = 2
[
RRµν − 2RµαRαν − 2RαβRµανβ
+R αβγµ Rναβγ
]
− 1
2
gµνLGB , (5)
Tµν = −2δLmatter
δgµν
+ gµνLmatter. (6)
B. Projections to Hypersurface
In order to investigate the space-time structure as the
foliations of the N -dimensional (spacelike or timelike) hy-
persurface Σ, we introduce the projection operator to Σ
as
⊥µν = gµν − εnµnν , (7)
where nµ is the unit-normal vector to Σ with nµn
µ =
ε, with which we define nµ is timelike (if ε = −1) or
spacelike (if ε = 1). Therefore, Σ is spacelike (timelike)
if nµ is timelike (spacelike).
The projections of the gravitational equation (3) give
the following three equations:(Gµν + αGBHµν)nµ nν = κ2 Tµν nµ nν = κ2ρ, (8)(Gµν + αGBHµν)nµ⊥νρ = κ2 Tµν nµ⊥νρ = −κ2Jρ,
(9)(Gµν + αGBHµν)⊥µρ⊥νσ = κ2 Tµν ⊥µρ⊥νσ = κ2Sρσ,
(10)
where we defined the components of the energy-
momentum tensor as
Tµν = ρnµnν + Jµnν + Jνnµ + Sµν , (11)
and we also define T = ερ+ Sαα for later convenience.
Projection of the (N +1)-dimensional Riemann tensor
onto the N -dimensional hypersurface can be written as
Rαβγδ ⊥αµ⊥βν ⊥γρ⊥δσ
= Rµνρσ − ε(KµρKνσ −KµσKνρ), (12)
Rαβγδ ⊥αµ⊥βν ⊥γρ nδ = −2D[µKν]ρ, (13)
Rαβγδ ⊥αµ⊥γρ nβ nδ = £nKµρ +KµαKαρ , (14)
where Rµνρσ is the Riemann tensor of the induced met-
ric γµν(= ⊥µν), Dµ is the covariant differentiation with
3respect to γµν , £n denotes the Lie derivative in the n-
direction, and Kµν is the extrinsic curvature defined as
Kµν = −1
2
£nγµν = −⊥αµ⊥βν∇αnβ (15)
Eq. (12) is called the Gauss equation, and the contraction
of (13) of µ and ν gives the Codacci equation.
Using these projections, the (N + 1)-dimensional Rie-
mann curvature and its contractions (the Ricci tensor
and scalar curvature) are described by the N -dimensional
variables on the hypersurface Σ as@
Rµνρσ = Rµνρσ − ε
(
KµρKνσ −KµσKνρ − nµDρKσν + nµDσKρν + nνDρKσµ − nνDσKρµ
− nρDµKνσ + nρDνKµσ + nσDµKνρ − nσDνKµρ
)
+ nµnρKναK
α
σ − nµnσKναKαρ
− nνnρKµαKασ + nνnσKµαKαρ + nµnρ£nKνσ − nµnσ£nKνρ
− nνnρ£nKµσ + nνnσ£nKµρ, (16)
Rµν = Rµν − ε
[
KKµν − 2KµαKαν + nµ (DαKαν −DνK) + nν
(
DαK
α
µ −DµK
)]
+ nµnνKαβK
αβ + ε£nKµν + nµnνγ
αβ
£nKαβ, (17)
R = R− ε(K2 − 3KαβKαβ − 2γαβ£nKαβ), (18)
where K = Kαα.
Substituting these relations into the field equation (3) or (8)-(10), we find the equations are decomposed as (a) the
Hamiltonian constraint equation:
M + αGB
(
M2 − 4MabMab +MabcdMabcd
)
= −2εκ2ρH + 2Λ , (19)
(b) the momentum constraint equation:
Ni + 2αGB
(
MNi − 2M ai Na + 2MabNiab −M cabi Nabc
)
= κ2Ji , (20)
and (c) the evolution equations for γij :
Mij − 1
2
Mγij − ε
(−KiaKaj + γijKabKab −£nKij + γijγab£nKab)
+ 2αGB
[
Hij + ε
(
M£nKij − 2M ai £nKaj − 2M aj £nKai −W abij £nKab
)]
= κ2Sij − γijΛ , (21)
respectively, where
Mijkl = Rijkl − ε(KikKjl −KilKjk), (22)
Mij = γ
abMiajb = Rij − ε(KKij −KiaKaj), (23)
M = γabMab = R− ε(K2 −KabKab), (24)
Nijk = DiKjk −DjKik, (25)
Ni = γ
abNaib = DaK
a
i −DiK, (26)
Hij = MMij − 2(MiaMaj +MabMiajb) +MiabcM abcj
−2ε
[
−KabKabMij − 1
2
MKiaK
a
j +KiaK
a
bM
b
j +KjaK
a
bM
b
i +K
acK bc Miajb
+NiNj −Na(Naij +Naji)− 1
2
NabiN
ab
j −NiabN abj
]
−1
4
γij
[
M2 − 4MabMab +MabcdMabcd
]
−εγij
[
KabK
abM − 2MabKacK bc − 2NaNa +NabcNabc
]
, (27)
W klij = Mγijγ
kl − 2Mijγkl − 2γijMkl + 2Miajbγakγbl. (28)
4We remark that the terms of £nKij appear only in the
linear form in (21). This is due to the quasi-linear prop-
erty of the GB gravity.
C. Cauchy approach
Using the Bianchi identity, Choquet-Bruhat [18]
showed that the set of equations forms the first-class sys-
tem as the same as in GR, that is a space-like hypersur-
face which satisfies the constraints (19) and (20) will also
satisfies the constraints after the evolution using (21).
The most standard procedures for following the dy-
namics of space-time consist from the three steps:
(i) solve the constraint equations (19) and (20) for
(γij ,Kij , ρH , Ji) on Σ(t = 0) and prepare them as the
initial data, (ii) evolve (γij ,Kij, ρH , Ji) using (21) and
the matter equations, and (iii) monitor the accuracy of
the evolutions by checking constraint equations on the
evolved Σ(t).
In the case of seeking the “dynamics” along a space-like
direction χ such as a study of the “bulk” structure in the
brane-world model, the above strategy can be switched
to the evolution in χ-coordinate instead of t (using the
set of equations of ε = +1). The initial data, in this
case, is a time-like hypersurface which should satisfy the
constraints. Such an initial data can be obtained either
by solving the dynamics of “brane” part or by taking
double Wick-rotation after the above step (i), depending
on the models and motivations.
In the following sections, we describe a way of solv-
ing constraints (Sec. III), and a way of solving evolution
equations (Sec. IV).
III. CONFORMAL APPROACH TO SOLVE THE
CONSTRAINTS
A. “Conformal Approach”
In order to prepare an initial data for dynamical evo-
lution, we have to solve two constraints, (19) and (20).
The standard approach is to apply a conformal transfor-
mation on the initial hypersurface [23]. The idea is that
introducing a conformal factor ψ between the initial trial
metric γˆij and the solution γij , as
γij = ψ
2mγˆij , γ
ij = ψ−2mγˆij , (29)
where m is a constant, and solve for ψ so as to the solu-
tion satisfies the constraints.
For N -dimensional spacetime, Ricci scalar is trans-
formed as
R = ψ−2m
{
Rˆ− 2(N − 1)mψ−1(DˆaDˆaψ)
+ (N − 1)[2− (N − 2)m]mψ−2(Dˆψ)2}, (30)
Rij = Rˆij −mγˆijψ−1DˆaDˆaψ
− (N − 2)mψ−1DˆiDˆjψ
+ (N − 2)m(m+ 1)ψ−2DˆiψDˆjψ
−m[(N − 2)m− 1]ψ−2(Dˆψ)2γˆij , (31)
Rijkl = ψ
2m
{
Rˆijkl
+mψ−1γˆil
[
DˆjDˆkψ − (m+ 1)ψ−1DˆjψDˆkψ
]
−mψ−1γˆik
[
DˆjDˆlψ − (m+ 1)ψ−1DˆjψDˆlψ
]
+mψ−1γˆjk
[
DˆiDˆlψ − (m+ 1)ψ−1DˆiψDˆlψ
]
−mψ−1γˆjl
[
DˆiDˆkψ − (m+ 1)ψ−1DˆiψDˆkψ
]
+m2ψ−2(Dˆψ)2(γˆilγˆjk − γˆikγˆjl)
}
. (32)
Regarding to the extrinsic curvature, we decompose
Kij into its trace part, K = γ
ijKij , and the traceless
part, Aij = Kij − 1N γijK, and assume the conformal
transformation [28] as
Aij = ψ
ℓAˆij , A
ij = ψℓ−4mAˆij , (33)
K = ψτ Kˆ, (34)
where ℓ and τ are constants. For the matter terms, we
also assume the relations ρ = ψ−pρˆ and J i = ψ−qJˆ i,
where p and q are constants, while we regard the cosmo-
logical constant is common to the both flames, Λ = Λˆ.
Up to here, the powers of conformal transformation,
ℓ,m, τ, p and q are not yet specified. Note that in the
standard 3-dimensional initial-data construction cases,
the combination of m = 2, ℓ = −2, τ = 0, p = 5 and
q = 10 is preferred since this simplifies the equations.
We also remark that if we chose τ = ℓ − 2m, then the
extrinsic curvature can be transformed as Kij = ψ
ℓKˆij
and Kij = ψℓ−4mKˆij .
B. Hamiltonian constraint
Using these equations, the Hamiltonian constraint
equation (19) turns to be
52(N − 1)mDˆaDˆaψ − (N − 1)
[
2− (N − 2)m]m(Dˆψ)2ψ−1
= Rˆψ − N − 1
N
εψ2m+2τ+1Kˆ2 + εψ−2m+2ℓ+1AˆabAˆ
ab + 2εκ2ρˆψ−p − 2Λˆ + αGBΘˆψ2m+1. (35)
We will show the explicit form of the GB part Θˆ =M2 − 4MabMab +MabcdMabcd in Appendix A. At this moment,
we observe that (35) can be simplified in the following two ways.
(A) If we specify τ = ℓ− 2m and m = 2/(N − 2), then (35) becomes
4(N − 1)
N − 2 DˆaDˆ
aψ = Rˆψ − εψ2ℓ+1−4/(N−2)(Kˆ2 − KˆabKˆab)+ 2εκ2ρˆψ−p − 2Λˆ + αGBΘˆψ1+4/(N−2). (36)
In the case of the Einstein gravity (αGB = 0) with Λ = 0, the combination ℓ = 2/(N − 2) and p = −1 makes
the RHS of (36) linear. If we choose ℓ = −2, which will make the momentum constraint simpler as we see later,
(36) also remains as a simple equation.
(B) If we specify τ = 0 and m = 2/(N − 2), then (35) becomes
4(N − 1)
N − 2 DˆaDˆ
aψ = Rˆψ − εN − 1
N
ψ1+4/(N−2)Kˆ2 + εψ2ℓ+1−4/(N−2)AˆabAˆ
ab + 2εκ2ρˆψ−p − 2Λˆ + αGBΘˆψ1+4/(N−2).
(37)
C. Momentum constraint
In order to express the momentum constraint equation in a tractable form, additionally to the variables in Sec. III A,
we introduce the transverse traceless part and the longitudinal part of Aˆij as
DˆjAˆ
ij
TT = 0, (38)
AˆijL = Aˆ
ij − AˆijTT , (39)
respectively. Since the conformal transformation of the divergence DjA
j
i becomes
DjA
j
i = ψ
ℓ−2m
{
DˆjAˆ
j
i + ψ
−1
[
ℓ+m(N − 2)]Aˆ ji Dˆjψ}, (40)
the momentum constraint, (20), can be written as
ψℓ−2mDˆaAˆ
a
i L +
[
ℓ+ (N − 2)m]ψℓ−2m−1Aˆ ai LDˆaψ − N − 1N Dˆi(ψτ Kˆ) + 2αGBΞˆi = κ2ψ2m−qJˆi (41)
We will show the explicit form of the GB part Ξˆi in
Appendix B, meanwhile we proceed the standard proce-
dure. That is, introducing a vector potential W i for AˆijL
as
AˆijL = Dˆ
iW j + DˆjW i − 2
N
γˆijDˆkW
k. (42)
Since the divergence of AˆijL becomes
DˆjAˆ
ij
L = DˆaDˆ
aW i +
N − 2
N
DˆiDˆkW
k + RˆikW
k, (43)
the momentum constraint, (41), becomes
DˆaDˆ
aWi +
N − 2
N
DˆiDˆkW
k + RˆikW
k + ψ−1
[
ℓ+ (N − 2)m](DˆaW b + DˆbW a − 2
N
γˆabDˆkW
k
)
γˆbiDˆaψ
−ψ2m−ℓN − 1
N
Dˆi(ψ
τ Kˆ) + ψ2m−ℓ2αGBΞˆi = κ
2ψ4m−ℓ−qJˆi (44)
Similarly to the case of the Hamiltonian constraint equation, we consider the two cases.
6(A) If we specify τ = ℓ− 2m and m = 2/(N − 2), then (44) becomes
DˆaDˆ
aWi +
N − 2
N
DˆiDˆkW
k + RˆikW
k + ψ−1(ℓ+ 2)
(
DˆaW b + DˆbW a − 2
N
γˆabDˆkW
k
)
γˆbiDˆaψ
−N − 1
N
[(
ℓ− 4
N − 2
)
(Dˆiψ)Kˆ + DˆiKˆ
]
+ ψ−ℓ+4/(N−2)2αGBΞˆi = κ
2ψ8/(N−2)−ℓ−qJˆi (45)
In the case of the Einstein gravity (αGB = 0), the choice of ℓ = −2 cancels the mixing term between ψ and
W i. Further, when αGB = 0, we have a chance to make two constraint equations, (36) and (45), decouple by
assuming Kˆ = 0 and q = 8/(N − 2)+2. However, when αGB 6= 0, this decoupling feature is no longer available,
since the term Ξˆi includes ψ-related terms as we see in eq. (B7) in Appendix B.
(B) If we specify τ = 0 and m = 2/(N − 2), then (44) becomes
DˆaDˆ
aWi +
N − 2
N
DˆiDˆkW
k + RˆikW
k + ψ−1(ℓ+ 2)
[
DˆaW b + DˆbW a − 2
N
γˆabDˆkW
k
]
γˆbiDˆaψ
−ψ4/(N−2)−ℓN − 1
N
DˆiKˆ + ψ
4/(N−2)−ℓ2αGBΞˆi = κ
2ψ8/(N−2)−ℓ−qJˆi (46)
For the Einstein gravity (αGB = 0), the choice of ℓ = −2 again cancels the mixing term between ψ and W i.
The decoupling feature between (37) and (46) is available when αGB = 0, Kˆ =const. and q = 8/(N − 2) + 2.
However, when αGB 6= 0, this decoupling feature is no longer available, since the term Ξˆi includes ψ-related
terms as we see in eq. (B13) in Appendix B.
D. Procedures
For the readers’ convenience, we summarize the above
procedure briefly. The initial data, (γij ,Kij , ρ, J
i), can
be constructed by solving the Hamiltonian constraint,
(19), and the momentum constraint equations, (20). This
can be done by the following steps.
1. Give the initial assumption (trial values) for γˆij ,K,
AˆTTij and ρˆ, Jˆ .
2. Solve (35) and (44) for ψ and W i by fixing the
exponent ℓ,m, τ, p and q.
3. By the following inverse conformal transformations,
γij = ψ
2mγˆij , (47)
Kij = ψ
ℓ[AˆTTij + DˆiWj + DˆjWi −
2
N
γˆijDˆkW
k]
+
1
N
ψ2m+τ γˆijKˆ, (48)
ρ = ψ−pρˆ, (49)
J i = ψ−qJˆ i, (50)
we obtain the solution γij , Kij , ρ, J
i, which satisfy
the constraints.
E. Momentarily static case
The most easiest construction of an initial data may
be under the assumption of the momentarily static (or
time-symmetric) situation, Kij = Ji = 0. In such a
case, the momentum constraint becomes trivial, and the
Hamiltonian constraint (35) can be reduced as
2(N − 1)mDˆaDˆaψ − (N − 1)
[
2− (N − 2)m]m(Dˆψ)2ψ−1 = Rˆψ + 2εκ2ρˆψ−p − 2Λˆ + αGBΘˆψ2m+1, (51)
7where
Θˆ = (N − 3)mψ−4m
{
4(N − 2)mψ−2
[
(DˆaDˆ
aψ)2 − (DˆaDˆbψ)(DˆaDˆbψ)
]
− 4ψ−1
[
Rˆ − (N − 2)[(N − 3)m− 2]mψ−2(Dˆψ)2]DˆaDˆaψ
+ 8ψ−1
[
Rˆab + (N − 2)m(m+ 1)ψ−2DˆaψDˆbψ
]
DˆaDˆbψ
+ (N − 1)2m2
[
(N − 4)m− 4]ψ−4(Dˆψ)4 − 2ψ−2[(N − 4)m− 2](Dˆψ)2Rˆ
− 8(m+ 1)ψ−2RˆabDˆaψDˆbψ
}
+ ψ−4mRˆGB, (52)
where
(D−n)m = (D − n)!
(D −m− 1)! = (D−n)(D−n−1) · · · (D−m),
(53)
and RˆGB = Rˆ
2 − 4RˆabRˆab + RˆabcdRˆabcd.
When N = 3, Θˆ simply becomes Θˆ = ψ−4mRˆGB so
that (51) will be reduced as
8DˆaDˆ
aψ = Rˆψ + 2εκ2ρˆψ−p − 2Λˆ + αGBRˆGBψ−3, (54)
for the choice of m = 2.
However, in general N , it is hard to find out an ap-
propriate m which simplifies the equation, even if γˆij is
taken to be the flat space-time that reduces Θˆ as
Θˆ = (N − 3)m2ψ−4m−2
×
{
4(N − 2)
[
(DˆaDˆ
aψ)2 − (DˆaDˆbψ)(DˆaDˆbψ)
]
+ 4(N − 2)[(N − 3)m− 2]ψ−1(Dˆψ)2DˆaDˆaψ
+ 8(N − 2)(m+ 1)ψ−1(Dˆaψ)(Dˆbψ)DˆaDˆbψ
+ (N − 1)2m
[
(N − 4)m− 4]ψ−2(Dˆψ)4}. (55)
Roughly speaking, Eq. (55) is a quadratic equation
with respect to the second order derivative of ψ, which
means that there are two roots in general when a set of
trial values γˆij and ρˆ on the hypersurface are given. The
meaning of the existence of two solutions is more clearly
understood by assuming p = 0 and q = 0 in the confor-
mal transformation of the matter field. In this case, two
different γij are obtained through the different conformal
transformations even for the same matter field distribu-
tions.
The non-uniqueness of the solution is due to the higher
curvature combination of the GB terms. The existence
of two solutions can be also seen for the black hole solu-
tions in the Einstein-GB theory[14, 16]. In the black hole
case, the gravitational equations reduce to a quadratic
equation under the suitable choice of a metric function.
The two roots of the equation correspond to the differ-
ent black hole solutions. In the αGB → 0 limit, one
of the black hole solutions approaches to the solutions
in GR while the metric component of the other solution
diverges and there is no counterpart in GR. Hence the
former is classified into the GR branch and the latter
into the GB branch. In some mass parameter regions of
the black hole, the metric components of these branches
coincide at the certain radius. It is a multiple root of
the field equation. Solving the field equations beyond
this radius, we find that the metric becomes imaginary
and this region is physically irrelevant. The spacetime
becomes singular at this radius and it is called branch
singularity, which is a new ingredients of GB gravity.
When we solve the Hamiltonian constraint equation
(55), the similar situation may occur. The conformal
factor ψ becomes imaginary and the solution γij is also
imaginary in some regions on the hypersurface. The
boundary of this region corresponds to the singularity.
The situation is same also in the non-time symmetric
case.
IV. DYNAMICAL EQUATIONS
A. Dynamical equations in General Relativity
Equations in GR are obtained by putting αGB = 0.
The evolution equations of (N+1)-dimensional ADM for-
mulation are presented in [24], but here we generalize
them to the set of equations both for spacelike and time-
like foliations.
Firstly we rewrite the dynamical equations (21) by in-
troducing the metric components as
ds2 = εα2(dx0)
2
+ γij(dx
i + βidx0)(dxj + βjdx0)
= (εα2 + βaβ
a)(dx0)
2
+ 2βidx
idx0 + γijdx
idxj ,
(56)
where α and βi are the lapse and shift functions, respec-
tively. The components of the normal vector, then, are
nµ = (εα, 0, · · · , 0), nµ = 1
α
(1, −βi). (57)
In the matrix from, the (N + 1)- and N - metrics are
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gµν =
(
εα2 + βaβ
a βj
βi γij
)
, (58)
gµν =
ε
α2
(
1 −βi
−βj εα2γij + βiβj
)
, (59)
and
γµν =
(
βaβ
a βj
βi γij
)
, γµν =
(
0 0
0 γij
)
. (60)
Trace of Eq. (21) minus half of Eq. (19) gives
γab£nKab = −ε
2
M −KabKab − εκ
2
N − 1T + εΛ. (61)
This is equivalent to the trace of Einstein equation (3)
with the projection (14). Substituting Eq. (61) into
Eq. (21), we find
£nKij = −εMij −KiaKaj
+ εκ2
(
Sij − 1
N − 1T γij
)
+
2ε
N − 1γijΛ. (62)
The extrinsic curvature and its Lie derivative are ex-
pressed as
Kij =
1
2α
(−∂0γij +Djβi +Diβj) , (63)
£nKij =
1
α
(
∂0Kij +DiDjα− βaDaKij
−KajDiβa −KaiDjβa
)
(64)
respectively.
With the metric components (56), the equations (63)
and (62) are
∂0γij = −2αKij +Djβi +Diβj , (65)
∂0Kij = −αεMij − αKiaKaj −DiDjα+ βa(DaKij)
+ (Djβ
a)Kia + (Diβ
a)Kaj.
− αεκ2
(
Sij − 1
N − 1T γij
)
+
2αε
N − 1γijΛ.
(66)
If we have matter, we need to evolve them together
with metric. The dynamical equations for matter terms
can be derived from the conservation equation, ∇µTµν =
0.
B. Dynamical equations in Gauss-Bonnet gravity
With the Gauss-Bonnet terms, the evolution equation,
(21), cannot be expressed explicitly for each£nKij . That
is, (21) is rewritten as
(1 + 2αGBM)£nKij − (γijγab + 2αGBW abij )£nKab − 8αGBM a(i £nK|a|j)
= −ε
(
Mij − 1
2
Mγij
)
−KiaKaj + γijKabKab + εκ2Sij − εγijΛ− 2εαGBHij , (67)
and the second and third terms in r.h.s include the
linearly-coupled terms between £nKij . Therefore, in
an actual simulation, we have to extract each evolution
equation of Kij using a matrix form of Eq. (67) like
k = Ak+ b (68)
where k = (£nK11,£nK12, · · · ,£nKNN)T and A, b are
appropriate matrix and vector derived from Eq. (67).
The procedure of the inverting the matrix (1 − A) is
technically available, but the invertibility of the matrix
is not generally guaranteed at this moment. In the case
of the standard ADM foliation in 4-dimensional Einstein
equations, the continuity of the time evolutions depends
on the models and the choice of gauge conditions for the
lapse function and shift vectors. If the combination is not
appropriate, then the foliation hits the singularity which
stops the evolution. The similar obstacle may exist also
for the Gauss-Bonnet gravity. We expect that in the most
cases Eq. (68) is invertible for Kij but we cannot deny
the pathological cases which depend on the models and
gauge conditions. Such a study must be done together
with actual numerical integrations in the future.
We obtain, however, the similar form of equation by
introducing the (N + 1)-dimensional Weyl curvature[25,
26]. It is useful for the discussion of the brane-world
cosmology although it is not written by only the N -
dimensional quantities, and we can not adopt it as the
evolution equation directly. Trace of Eq. (21) minus half
9of Eq. (19) gives
(N − 1)
[
ε
2
M +KabK
ab + hab£nKab
]
+2(n− 3)αGB
[
ε
4
(
M2 − 4MabMab +MabcdMabcd
)
+MKabK
ab − 2KijKjkMki − 2NaNa
+NabcN
abc +Mhab£nKab − 2Mab£nKab
]
= −εκ2T + εΛ (69)
By the last term in the l.h.s of this equation, the term
of the Lie derivative cannot be expressed by other term
explicitly.
Let us rewrite the dynamical equation (21) in a dif-
ferent form. From Eqs. (14), (17) and (18) with the
decomposition of the Riemann tensor as
Rµνρσ = 2
N − 1
(
gµ[ρRσ]ν − gν[ρRσ]µ
)
− 2
N(N − 1)gµ[ρgσ]νR+ Cµνρσ , (70)
where Cµνρσ is the (N+1)-dimensional Weyl curvature,
we find
£nKij = ε
N − 1
N − 2Eij +
ε
N − 2
(
Mij − 1
N
Mγij
)
−KiaKaj +
1
N
γijKabK
ab +
1
N
γijγ
ab
£nKab ,
(71)
where
Eij := Cµνρσ nµnργνiγσj . (72)
However, because Eq. (71) is a trace free equation,
£nKµν cannot be fixed by Eq. (71). Inserting Eq. (71)
into Eq. (69), we find
hab£nKab =−ε
2
M −KabKab
− ε
U
(κ2T − Λ) + 2ε(N − 3)αGB
U
I, (73)
where
U = N − 1 + 2(N − 2)(N − 3)
N
αGBM, (74)
I =
N − 6
4(N − 2)M
2 +
N
N − 2MabM
ab +
1
4
MabcdM
abcd
− ε
[
NaN
a + 4NabcN
abc − 2(N − 1)
N − 2 MabE
ab
]
.
(75)
From Eq. (71) with Eq. (73), we then find
£nKij =
N − 1
N − 2Eij +
ε
N − 2
(
Mij − 1
2
Mγij
)
−KiaKaj −
ε
NU
(κ2T − Λ)γij
− 2ε(N − 3)αGB
NU
Iγij . (76)
Since Eij is (N+1)-dimensional quantity, £nKij can not
be evaluated by the valuables on N -dimensional hyper-
surface with this equation. This means that the Eq. (76)
can not be used for the full dynamics as we mentioned.
For example, however, for the Friedmann brane-world
model, where the constant time slice of the timelike hy-
persurface is homogeneous and isotropic, Eij can be writ-
ten using quantities on the hypersurface. For such lim-
ited cases where the term Eij can be evaluated on the
hypersurface, the Eq. (76) is useful for simplifyng the
situation.
V. DISCUSSION
With the aim of numerical investigations of spacetime
dynamics in higher-dimensional and/or higher-curvature
gravity models, we presented the basic equations of the
Einstein-Gauss-Bonnet gravity theory.
We show the (N + 1)-dimensional decomposition of
the basic equations, in order to treat the space-time as a
Cauchy problem. With the aim of investigations of bulk
spacetime in recent brane-world models, we also prepared
the equations both for timelike and spacelike foliations.
The equations can be separated to the constraints (the
Hamiltonian constraint and the momentum constraint)
and the evolution equations.
Two constraints should be solved for constructing an
initial data. By showing the conformally-transformed
constraint equations, we discussed how the constraints
can be simplified by tuning the powers of conformal fac-
tors. If we have Gauss-Bonnet terms, however, the equa-
tions still remain in a complicated style.
For the evolution equations, we find that £nKij com-
ponents are coupled. However, this mixture is only up to
the linear order due to the quasi-linear property of the
Gauss-Bonnet terms, so that the equations can be in a
treatable form in numerics.
We are now developing our numerical code and hope
to present some results elsewhere near future.
APPENDIX A: GB PART OF HAMILTONIAN
CONSTRAINT EQUATION
In Eq. (35), the GB part of the Hamiltonian constraint
equation Θˆ =M2− 4MabMab+MabcdMabcd is not writ-
ten explicitly. It becomes as
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Θˆ = (N − 3)mψ−4m
{
4(N − 2)mψ−2
[
(DˆaDˆ
aψ)2 − DˆaDˆbψDˆaDˆbψ
]
− 4ψ−1
[
Mˆ − (N − 2)[(N − 3)m− 2]mψ−2DˆaψDˆaψ]DˆaDˆaψ
+ 8ψ−1
[
Mˆab + (N − 2)m(m+ 1)ψ−2DˆaψDˆbψ
]
DˆaDˆbψ
+ (N − 1)2m2
[
(N − 4)m− 4]ψ−4(DˆaψDˆaψ)2 − 2ψ−2[(N − 4)m− 2]MˆDˆcψDˆcψ
− 8(m+ 1)ψ−2MˆabDˆaψDˆbψ
}
+ ψ−4m(Υˆ2 − 4ΥˆabΥˆab + ΥˆabcdΥˆabcd), (A1)
where
Υˆ = Rˆ− ε
[
N − 1
N
ψ2m+2τ Kˆ2 − ψ2ℓ−2mAˆabAˆab
]
, (A2)
Υˆij = Rˆij − ε
[
N − 1
N2
ψ2m+2τ γˆijKˆ
2 +
N − 2
N
ψℓ+τ KˆAˆij − ψ2ℓ−2mAˆiaAˆaj
]
, (A3)
Υˆijkl = Rˆijkl − ε
[
1
N2
ψ2m+2τ (γˆik γˆjl − γˆilγˆjk)Kˆ2 + 1
N
ψℓ+τ (Aˆik γˆjl − Aˆilγˆjk + Aˆjlγˆik − Aˆjk γˆil)
+ψ2ℓ−2m(AˆikAˆjl − AˆilAˆjk)
]
. (A4)
When τ = ℓ− 2m and m = 2/(N − 2), which corresponds to the case (A) [Eq. (36)]
Θˆ =
2(N − 3)
N − 2 ψ
−8/(N−2)
{
8ψ−2
[
(DˆaDˆ
aψ)2 − DˆaDˆbψDˆaDˆbψ
]
− 4ψ−1(Mˆ + 2ψ−2DˆaψDˆaψ)DˆaDˆaψ + 8ψ−1(Mˆab + 2N
N − 2ψ
−2DˆaψDˆbψ
)
DˆaDˆbψ
− 8N(N − 1)
(N − 2)2 ψ
−4(DˆaψDˆ
aψ)2 +
8
N − 2ψ
−2MˆDˆcψDˆ
cψ − 8N
N − 2ψ
−2MˆabDˆaψDˆbψ
}
+ ψ−8/(N−2)(Υˆ2 − 4ΥˆabΥˆab + ΥˆabcdΥˆabcd), (A5)
where
Υˆ = Rˆ− εψ2ℓ−4/(N−2)(Kˆ2 − KˆabKˆab), (A6)
Υˆij = Rˆij − εψ2ℓ−4/(N−2)(KˆKˆij − KˆiaKˆaj), (A7)
Υˆijkl = Rˆijkl − εψ2ℓ−4/(N−2)(KˆikKˆjl − KˆilKˆjk). (A8)
When τ = 0, m = 2/(N − 2), which corresponds to the case (B) [Eq. (37)], Θ is expressed as Eq. (A5) and
Υˆ = Rˆ− ε
[
N − 1
N
ψ4/(N−2)Kˆ2 − ψ2ℓ−4/(N−2)AˆabAˆab
]
, (A9)
Υˆij = Rˆij − ε
[
N − 1
N2
ψ4/(N−2)γˆijKˆ
2 +
N − 2
N
ψℓKˆAˆij − ψ2ℓ−4/(N−2)AˆiaAˆaj
]
, (A10)
Υˆijkl = Rˆijkl − ε
[
1
N2
ψ4/(N−2)(γˆik γˆjl − γˆilγˆjk)Kˆ2 + 1
N
ψℓ(Aˆik γˆjl − Aˆilγˆjk + Aˆjlγˆik − Aˆjk γˆil)
+ψ2ℓ−4/(N−2)(AˆikAˆjl − AˆilAˆjk)
]
, (A11)
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In Eq. (44), the GB part of the Hamiltonian constraint equation Ξˆi is not written explicitly. It becomes as
Ξi = ψ
ℓ−4m
{
Rˆ− 2(N − 3)mψ−1DˆbDˆbψ − (N − 3)m
[
(N − 4)m+ 2]ψ−2DˆbψDˆbψ
−N
2 − 3N + 4
N2
εψ+2m+2τKˆ2 − εψ2ℓ−2mAˆbcAˆbc
}
DˆaAˆ
a
i
+ψℓ−4m
{
−2Rˆbi + 2(N − 3)mψ−1DˆbDˆiψ − 2(N − 3)m(m+ 1)ψ−2DˆiψDˆbψ
+
2(N − 3)
N
εψℓ+τKˆAˆ bi − 2εψ2ℓ−2mAˆ ci Aˆ bc
}
DˆaAˆ
a
b
+ψℓ−4m
{
2Rˆab − 2(N − 3)mψ−1DˆbDˆaψ − 2(N − 1)m(m+ 1)ψ−2DˆaψDˆbψ
−2(N − 3)
N
εψℓ+τKˆAˆab + 2εψ2ℓ−2mAˆacAˆ
cb
}(
DˆiAˆab − DˆaAˆib
)
+2εψ3ℓ−6mAˆ ai Aˆ
bc
(
DˆaAˆbc − DˆbAˆac
)
+Ri +Di +A(1)Dˆiψ +A(2)DˆiKˆ +A(3)DˆaψAˆai
−2(N − 2)3
N2
εψℓ−2m+2τKˆ(DˆaKˆ + τψ
−1KˆDˆaψ)Aˆ
a
i
+
2(N − 3)
N
[
(N − 4)m+ 2ℓ+ τ]εψ2ℓ−4m+τ−1KˆDˆbψAˆbaAˆai
+
2(N − 3)
N
εψ2ℓ−4m+τ DˆbKˆAˆ
b
aAˆ
a
i − 2
[
(N − 6)m+ 3ℓ]εψ3ℓ−6m−1DˆcψAˆcbAˆbaAˆai, (B1)
where
Ri =
{[
(N − 3)m+ ℓ]ψℓ−4m−1Aˆ ai Dˆaψ − N − 3N ψ−2m+τ (DˆiKˆ + τψ−1KˆDˆiψ)
}
Rˆ
+
{
2(N − 3)
N
τψ−2m+τ−1KˆDˆaψ +
2(N − 3)
N
ψ−2m+τ DˆaKˆ − 2
[
(N − 3)m+ ℓ]ψℓ−4m−1Aˆ ba Dˆbψ
}
Rˆ ai
−2(m− ℓ)ψℓ−4m−1(AˆabDˆiψ − AˆibDˆaψ)Rˆab + 2(m− ℓ)ψℓ−4m−1DˆaψAˆbcRˆ cabi , (B2)
Di =
{
N2 − 8N + 11
N
mψ−2m+τ−1(DˆiKˆ + τψ
−1KˆDˆiψ)
− 2m[(N2 − 6N + 7)m+ (N − 3)ℓ]ψℓ−4m−2DˆbψAˆbi
}
DˆaDˆ
aψ
−
{
2(N − 2)3
N
mψ−2m+τ−1(DˆaKˆ + τψ
−1KˆDˆaψ)
− 2m[(N2 − 4N + 5)m+ (N − 2)(ℓ− 2)]ψℓ−4m−2DˆbψAˆba
}
DˆaDˆiψ
+2(N − 3)m(m− ℓ)ψℓ−4m−2(AˆabDˆiψ − AˆiaDˆbψ)DˆbDˆaψ, (B3)
A(1) = 2
{
−N − 2
N
m(m+ 1)ψ−2m+2τ−2(DˆaKˆ + τψ
−1KˆDˆaψ)(Dˆ
aKˆ + τψ−1KˆDˆaψ)
+
(N − 2)2
N
m(m+ 1)ψ−2m+τ−2DˆaKˆDˆ
aψ +
N − 2
2N
m
[
(N2 − 4N + 5)m+ 2]τψ−2m+τ−3KˆDˆaψDˆaψ
− (N − 2)3m2(m+ 1)ψℓ−4m−3DˆaψDˆbψAˆab + N − 3
N
(m− ℓ− τ)εψ2ℓ−4m+τ−1KˆAˆabAˆab
− (m− ℓ)εψ3ℓ−6m−1Aˆ ba Aˆ cb Aˆ ac
}
, (B4)
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A(2) = 1
N
{
(N − 2)3m
[
(N − 3)m− 2]ψ−2m+τ−2DˆaψDˆaψ − (N − 1)2(N + 1)
N2
εψ3τ Kˆ2
− (N − 3)εψ2ℓ−4m+τ AˆabAˆab
}
, (B5)
A(3) = −m[(N − 2)2(N − 5)m2 + (N − 2)3(ℓ− 2)m+ (N − 1)(3ℓ− 2)]ψℓ−4m−3DˆaψDˆaψ
− 1
N2
[
(N − 1)(N2 − 8)m+ (N2 −N + 2)ℓ]εψℓ−2m+2τ−1Kˆ2
+
[
(N − 6)m+ 3ℓ]εψ3ℓ−6m−1AˆabAˆab. (B6)
When τ = ℓ− 2m and m = 2/(N − 2), which corresponds to the case (A) [Eq. (45)],
Ξi = ψ
ℓ−8/(N−2)
{
Rˆ− 4(N − 3)
N − 2 ψ
−1DˆbDˆ
bψ − 4(N − 3)
2
N − 2 ψ
−2DˆbψDˆ
bψ
− N
2 − 3N + 4
N2
εψ2ℓ−4/(N−2)Kˆ2 − εψ2ℓ−4/(N−2)AˆbcAˆbc
}
DˆaAˆ
a
i
+ψℓ−8/(N−2)
{
−2Rˆbi +
4(N − 3)
N − 2 ψ
−1DˆbDˆiψ − 4N(N − 3)
(N − 2)2 ψ
−2DˆiψDˆ
bψ
+
2(N − 3)
N
εψ2ℓ−4/(N−2)KˆAˆ bi − 2εψ2ℓ−4/(N−2)Aˆ ci Aˆ bc
}
DˆaAˆ
a
b
+ψℓ−8/(N−2)
{
2Rˆab − 4(N − 3)
N − 2 ψ
−1DˆbDˆaψ − 4N(N − 1)
(N − 2)2 ψ
−2DˆaψDˆbψ
− 2(N − 3)
N
εψ2ℓ−4/(N−2)KˆAˆab + 2εψ2ℓ−4/(N−2)AˆacAˆ
cb
}(
DˆiAˆab − DˆaAˆib
)
+2εψ3ℓ−12/(N−2)Aˆ ai Aˆ
bc
(
DˆaAˆbc − DˆbAˆac
)
+Ri +Di +A(1)Dˆiψ +A(2)DˆiKˆ +A(3)DˆaψAˆai
−2(N − 2)3
N2
εψ3ℓ−12/(N−2)Kˆ
[
DˆaKˆ +
(
ℓ− 4
N − 2
)
ψ−1KˆDˆaψ
]
Aˆai
+
2(N − 3)
N
[
3ℓ+
2(N − 6)
N − 2
]
εψ3ℓ−12/(N−2)−1KˆDˆbψAˆ
b
aAˆ
a
i
+
2(N − 3)
N
εψ3ℓ−12/(N−2)DˆbKˆAˆ
b
aAˆ
a
i − 2
[
3ℓ+
2(N − 6)
N − 2
]
εψ3ℓ−12/(N−2)−1DˆcψAˆ
c
bAˆ
b
aAˆ
a
i, (B7)
where
Ri = ψℓ−8/(N−2)
{[
ℓ+
2(N − 3)
N − 2
]
ψ−1Aˆ ai Dˆaψ −
N − 3
N
[
DˆiKˆ +
(
ℓ− 4
N − 2
)
ψ−1KˆDˆiψ
]}
Rˆ
+ψℓ−8/(N−2)
{
2(N − 3)
N
(
ℓ− 4
N − 2
)
ψ−1KˆDˆaψ +
2(N − 3)
N
DˆaKˆ − 2
[
ℓ+
2(N − 3)
N − 2
]
ψ−1Aˆ ba Dˆbψ
}
Rˆ ai
+2
(
ℓ− 2
N − 2
)
ψℓ−8/(N−2)−1(AˆabDˆiψ − AˆibDˆaψ)Rˆab − 2
(
ℓ− 2
N − 2
)
ψℓ−8/(N−2)−1DˆaψAˆbcRˆ
cab
i , (B8)
Di = ψℓ−8/(N−2)
{
2(N2 − 8N + 11)
N(N − 2) ψ
−1
[
DˆiKˆ +
(
ℓ− 4
N − 2
)
ψ−1KˆDˆiψ
]
− 4
N − 2
[
(N − 3)ℓ+ 2(N
2 − 6N + 7)
N − 2
]
ψ−2DˆbψAˆ
b
i
}
DˆaDˆ
aψ
−ψℓ−8/(N−2)
{
4(N − 3)
N
ψ−1
[
DˆaKˆ +
(
ℓ− 4
N − 2
)
ψ−1KˆDˆaψ
]
− 4
[
ℓ+
6
(N − 2)2
]
ψ−2DˆbψAˆ
b
a
}
DˆaDˆiψ
−4(N − 3)
N − 2
(
ℓ− 2
N − 2
)
ψℓ−8/(N−2)−2(AˆabDˆiψ − AˆiaDˆbψ)DˆbDˆaψ, (B9)
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A(1) = 2ψℓ−8
{
− 2
N − 2ψ
ℓ−4/(N−2)−2
[
DˆaKˆ +
(
ℓ− 4
N − 2
)
ψ−1KˆDˆaψ
][
DˆaKˆ +
(
ℓ− 4
N − 2
)
ψ−1KˆDˆaψ
]
+ 2ψ−2DˆaKˆDˆ
aψ +
2(N2 − 3n+ 3)
N(N − 2)
(
ℓ− 4
N − 2
)
ψ−3KˆDˆaψDˆ
aψ
− 4N(N − 3)
(N − 2)2 ψ
−3DˆaψDˆbψAˆab +
2(N − 3)
N
(
ℓ− 1
N − 2
)
εψℓ−4/(N−2)−1KˆAˆabAˆ
ab
+
(
ℓ− 2
N − 2
)
εψℓ−4/(N−2)−1Aˆ ba Aˆ
c
b Aˆ
a
c
}
, (B10)
A(2) = 1
N
ψℓ−8/(N−2)
{
−4(N − 3)
N − 2 ψ
−2DˆaψDˆ
aψ
− (N − 1)2(N + 1)
N2
εψ2ℓ−4/(N−2)Kˆ2 − (N − 3)εψ2ℓ−4/(N−2)AˆabAˆab
}
, (B11)
A(3) = −ψℓ−8/(N−2)
{
4
N − 2
[
(N − 3)ℓ− 6]ψ−3DˆaψDˆaψ
+
1
N2
[
(N2 −N + 2)ℓ+ 2(N − 1)
(N − 2)(N2 − 8)
]
εψ2ℓ−4−1Kˆ2
−
[
3ℓ+
2(N − 6)
N − 2
]
εψ2ℓ−4/(N−2)−1AˆabAˆ
ab
}
. (B12)
When τ = 0 and m = 2/(N − 2), which corresponds to the case (B) [Eq. (46)],
Ξˆi = ψ
ℓ−8/(N−2)
{
Rˆ− 4(N − 3)
N − 2 ψ
−1DˆbDˆ
bψ − 8(N − 3)
2
(N − 2)2 ψ
−2DˆbψDˆ
bψ
− N
2 − 3N + 4
N2
εψ4/(N−2)Kˆ2 − εψ2ℓ−4/(N−2)AˆbcAˆbc
}
DˆaAˆ
a
i
+ψℓ−8/(N−2)
{
−2Rˆbi +
4(N − 3)
N − 2 ψ
−1DˆbDˆiψ − 4N(N − 3)
(N − 2)2 ψ
−2DˆiψDˆ
bψ
+
2(N − 3)
N
εψℓKˆAˆ bi − 2εψ2ℓ−4/(N−2)Aˆ ci Aˆ bc
}
DˆaAˆ
a
b
+ψℓ−8/(N−2)
{
2Rˆab − 4(N − 3)
N − 2 ψ
−1DˆbDˆaψ − 4N(N − 1)
(N − 2)2 ψ
−2DˆaψDˆbψ
− 2(N − 3)
N
εψℓKˆAˆab + 2εψ2ℓ−4/(N−2)AˆacAˆ
cb
}(
DˆiAˆab − DˆaAˆib
)
+2εψ3ℓ−12/(N−2)Aˆ ai Aˆ
bc
(
DˆaAˆbc − DˆbAˆac
)
+Ri +Di +A(1)Dˆiψ +A(2)DˆiKˆ +A(3)DˆaψAˆai
−2(N − 2)3
N2
εψℓ−4/(N−2)KˆDˆaKˆAˆ
a
i +
4(N − 3)
N
(
ℓ+
N − 4
N − 2
)
εψ2ℓ−8/(N−2)−1KˆDˆbψAˆ
b
aAˆ
a
i
+
2(N − 3)
N
εψ2ℓ−8/(N−2)DˆbKˆAˆ
b
aAˆ
a
i − 2
[
3ℓ+
2(N − 6)
N − 2
]
εψ3ℓ−12/(N−2)−1DˆcψAˆ
c
bAˆ
b
aAˆ
a
i, (B13)
where
Ri =
{[
ℓ+
2(N − 3)
N − 2
]
ψℓ−8/(N−2)−1Aˆ ai Dˆaψ −
N − 3
N
ψ−4/(N−2)DˆiKˆ
}
Rˆ
+2
{
(N − 3)
N
ψ−4/(N−2)DˆaKˆ−
[
ℓ+
2(N − 3)
N − 2
]
ψℓ−8/(N−2)−1Aˆ ba Dˆbψ
}
Rˆ ai
+2
(
ℓ− 2
N − 2
)
ψℓ−8/(N−2)−1
{
(AˆabDˆiψ − AˆibDˆaψ)Rˆab − DˆaψAˆbcRˆ cabi
}
, (B14)
14
Di = 2
N − 2
{
N2 − 8N + 11
N
ψ−4/(N−2)−1DˆiKˆ
− 2
[
(N − 3)ℓ+ 2(N
2 − 6N + 7)
N − 2
]
ψℓ−8/(N−2)−2DˆbψAˆ
b
i
}
DˆaDˆ
aψ
−4
{
N − 3
N
ψ−4/(N−2)−1DˆaKˆ −
[
ℓ+
6
(N − 2)2
]
ψℓ−8/(N−2)−2DˆbψAˆ
b
a
}
DˆaDˆiψ
−4(N − 3)
N − 2
(
ℓ− 2
N − 2
)
ψℓ−8/(N−2)−2(AˆabDˆiψ − AˆiaDˆbψ)DˆbDˆaψ, (B15)
A(1) = − 4
N − 2ψ
−4/(N−2)−2DˆaKˆDˆ
aKˆ + 4ψ−4/(N−2)−2DˆaKˆDˆ
aψ
−8N(N − 3)
(N − 2)2 ψ
ℓ−8/(N−2)−3DˆaψDˆbψAˆab − 2(N − 3)
N
(
ℓ− 2
N − 2
)
εψ2ℓ−8/(N−2)−1KˆAˆabAˆ
ab
+2
(
ℓ− 2
N − 2
)
εψ3ℓ−12/(N−2)−1Aˆ ba Aˆ
c
b Aˆ
a
c , (B16)
A(2) = − 1
N
{
2(N − 3)ψ−4/(N−2)−2DˆaψDˆaψ + (N − 1)2(N + 1)
N2
εKˆ2 + (N − 3)εψ2ℓ−8/(N−2)AˆabAˆab
}
, (B17)
A(3) = − 4
N − 2
[
(N − 3)ℓ− 6]ψℓ−8/(N−2)−3DˆaψDˆaψ
− 1
N2
[
(N2 −N + 2)ℓ+ 2(N − 1)(N
2 − 8)
N − 2
]
εψℓ−4/(N−2)−1Kˆ2
+
[
3ℓ+
2(N − 6)
N − 2
]
εψ3ℓ−12/(N−2)−1AˆabAˆ
ab. (B18)
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